Shalika germs at the identity in p-adic GL(rc) will blow up at other singular points. Waldspurger has developed a technique for describing this behaviour at intermediate singular points, giving a "germ expansion for germs". In this paper we discuss which germs occur in such an expansion and find that the answer is more complicated than expected.
Introduction
Waldspurger [3] has shown that no germ on G = GL(«) is identically zero on the regular elliptic set. This is consistent with the intuition that every unipotent class should contribute at the regular elliptic level to some orbital integrals.
Given a unipotent class if in G, Waldspurger gives an expansion of the corresponding germ near a singular elliptic point y0, expressing it in terms of germs on the centralizer Z(y0). The authors originally expected nontrivial contributions from all germs corresponding to classes "near" the class tf (as expressed in [2; Theorem 6.11 and Proposition 6.8 
]).
However in studying Waldspurger's work we discovered more subtle behaviour, in that some classes which are near cf do not contribute. For example, even for unipotent classes of small dimension there may not be a contribution from the germ associated to the identity class in Z(y0).
In this paper we give partial results about the existence and nonexistence of nonzero contributions in various circumstances, but we are unable to discern an overall pattern or explain the phenomenon in terms of orbital integrals. We present these results in the hope that somebody may find an explanation.
The machinery established by Waldspurger is summarized in §2. In §3 we define the kind of anomalous behaviour to be considered, show that in certain cases it does not occur, and describe a large class of anomalies which can be constructed explicitly and systematically. In §4 we prove that there are no anomalies at the identity in the centralizer Z(y0), provided that the intermediate field extension is of prime power order. Finally in §5 we list examples of anomalies.
Summary of results of Waldspurger
Let F be a p-adic field of characteristic zero, with residue field of order q , and G = GL(« , F).
In order to state Waldspurger's results, some notation is needed; essentially we follow Waldspurger [3] .
A unipotent conjugacy class in GL(wi) corresponds to a partition p = (mx, ... , mr) of m, where the m As are the sizes of the blocks in the Jordan canonical form of elements in the class.
Let Rm be the abelian group generated by the characters of irreducible representations of GL(«z, F ) which occur as subquotients of the representation induced from the trivial representation of the standard Borel subgroup. Let ym e Rm be the Steinberg representation of GL(«i, F ).
The graded algebra R =®m€N Rm , has a multiplication defined as follows: if x e Rm and y e Rm>, then x-y is the representation of GL(m + m) obtained by inducing (x®y)®l from the parabolic subgroup whose Levi component is GL(m) x GL(w'). This restricts to an endomorphism of R (also denoted x f). Using the formulas 3.17(c) [4, p. 46] , it can easily be shown that
where, for p = (mx, ... , mr) e ^(m), _ (-l)r+m 11 " :: mx.mr\St(p)\ ' The algebra Rm ®z Q is isomorphic to the so-called Hall algebra H(q) = 0meN Hm(q), where Hm(q) is the space of class functions on the unipotent set of GL(w, F ). For details of these constructions see [4] .
For m G N, let cm(q) =Il7=i (^ ~ l) > and for /* = (m,,... n?r) G ^(w), let If p is a partition of m , we write pl for the "dual partition." Suppose A" is a finite extension of F. Recall the theorem of Shalika (cf. [3] ) which says that for a locally constant compactly supported function cf> on GL(«i, K), the orbital integral of 4> over the conjugacy class of y can be written £ A",(0)rjoo , tie&>(m) is for regular y sufficiently near the identity.
The functions r , are the Shalika germs and the coefficients A ,(<j>) are the orbital integrals of <¡> over the unipotent classes ¿A.
For p e &>{m), let v(p') = \ dimif ,.
It is now possible to state Waldspurger's theorem. Let T c G = GL(«, F) be an elliptic torus corresponding to the extension field E/F, let F1 be an unramified intermediate field with [F1 : F] = f, and let «' = n/f.
Suppose the element X in the ring of integers Df/ is such that its reduction in F / generates F / over F . If w is a uniformizing element in F, then for a > 0, the element y0 = 1 +waX is a singular point in T. Waldspurger considers the behaviour near y0 of the Shalika germ expansion at the identity in G. He gives a formula relating it to germs at yQ , which are identified with germs at the identity in the centralizer GL(«', F1) of y0 [3] .
Any regular point y e T sufficiently close to y0 can be written in the form y = y0 + rzbY = l+zuaX + wbY , with b> a, Y e DE , and F'(Y) = E. With y as above, define y = 1 +w ~aY . Then the following identity holds in R <gu C :
It follows that it is possible to write
icense or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use for some constants a .. In principle the aß x 's can be evaluated by expressing y on the right side of (2.4) in terms of the z 's, using (2.3); applying xf ; expressing the resulting formula in terms of the y % p eAA°(n), again, using (2.2); and finally equating coefficients of the y 's.
In practice it is difficult even to determine which of the a x 's are nonzero. In this paper we give some partial results which show that the answer is not as simple as one might expect.
Definition of anomalies
For p e£AA(n), only certain types of germs Y\t can occur in the expression for r^i. If the coefficient of y in Xriyf) is zero, then a À = 0. The only way a x could possibly be nonzero for X = (Xx, ... , Xk) e AP(n) is if the unipotent class corresponding to p' is "induced" (in the sense of Lusztig and Spaltenstein [1] ) from some unipotent class in the Levi subgroup isomorphic to GL(/• Xx) x ■ ■■ x GL(/• Xk). In terms of partitions, the following condition must be satisfied: for each i there exists a partition (n\, ... , n'r) of f-Xi with ri < f and such that we might expect that TÀ, actually occurs in the expression of T ,, i.e. that
The authors were surprised to find that this is not always the case, and this is the motivation for the following definition. Definition 3.2. Suppose p e AÁA(n) and X e 3°(n). Then (p, X) is an anomaly if X satisfies the condition (3.1) above but a x = 0.
Notice that this condition depends on / = [F1 : F] but does not depend on Y0, y or on the elliptic torus T. (1) (p, (ln )) is never an anomaly.
(2) (xj-(X), X) is never an anomaly, for any X e AP(ri), where we write xf(Xx,...,Xr)= (f.Xx,...,f-Xr). Proof. (ii) We write X = (Xx, ... , Xk) and p = (fXx, ... , fXk), so XM,.^) = n( E W/i*i)) i á6^(A,) = (n %,)) za.zfh+ iower terms = (n •»(*,)) (n qa>) aa,.yfxk +iower terms
We see that the coefficient of y = y,x .y ,x is nonzero. (iii) The proof of (iii) is almost identical, except that it considers the coefficient of the lowest order term, o
The results of this proposition can also be proved using orbital integrals. The smallest « so that anomalies exist for GL(«) is « = 12. With / = 6 and «' = 2, there are six anomalies of the form (p, (2) There are no other anomalies for GL(12). We now describe a technique for constructing a certain type of anomalies. With « = /«' as before, we construct anomalies of the form (p, («')), in the case where / is not a power of a prime.
Consider p of the form f equals the number of times 1 occurs in p, then (//, («')) is an anomaly. Conversely, given f not a prime power and n , such a p always exists.
Proof.
E nxzi = E "¿rAzxî
XÇâ"(n') J lz&(ri)
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use With p as above, y can only occur in these first two terms. Its coefficient is tlï-lr +tlLr r n' SA "' -1 H»-f-l,i)Hm3,...,mr) ■ Using the fact that \St(p)\ = \St(p3,...,pr)\A#ofVsin p) , we find that the coefficient of y in iAyn>) is
The first statement of the proposition follows. Using the Chinese Remainder Theorem it is easy to show that any non-primepower / can be written in the form / = (r -l)(r -2)/k, for some r with 4 < r < f and 1 < k < r -1. The last statement of the proposition follows from this. D Suppose r < f, f is not a prime power. Then (p, X) is an anomaly if (r -l)(r -1)/ f equals the number of times 1 occurs in p.
Proof. The proof is essentially the same as that of the previous proposition. D It is not difficult to obtain a similar result if 2 = ax < a2 < ■ ■■ < as; in this case the condition is that 2 • ((r -l)(r -l)/f) equals the number of times 1 occurs in p.
NONEXISTENCE OF ANOMALIES AT THE IDENTITY WHEN / IS A PRIME POWER
The examples of the last section were constructed under the assumption that / is not a power of a prime number. In this section we show that if / is a prime power then there are no anomalies at the identity. Theorem 4.1. Suppose f = £ , where i is a prime. If n = fn , then (p, («')) is never an anomaly for any p = (m,, ... , mr) e £P(n).
Proof. The idea of the proof is to write the coefficient of y in TAy,n>A as the sum of the coefficients of y in nxzx ,X), as X ranges over AP'ri). We will show that the coefficient of y in n.^.z.,, which equals Ç /«', has strictly lower ¿-order than all the other coefficients; this shows that the sum is nonzero.
The coefficient of y in n zx ,x, is a sum of terms which arise in the following way. If X = (Xx, ... , Xs), for each i = I, ... , s let a' e ^ (XJ) in such a way that the partition of « obtained by "combining" all the er' 's is p. The coefficient of y arising from such a family of partitions is, up to a sign, ß ^|St(/)|0-0.Ca> , 'a '<7 where Ça, is the coefficient of ya, in zx, (cf. (2.2)).
It will be sufficient to show that, for X jé («'), the ¿-order of (4.2) 
This will be strictly less than the ¿-order of the right-hand side of (4.3) provided we can show that ord¿ | St(A)| < 5 -1.
Since | St(A)| (si) and orde(s\) <(s-l)/(¿ -1) (cf. Lemma 4.5), the result follows if £ > 3 . If £ = 2, the inequality is not necessarily strict; we only know ord, |St(/l)| <s-1. Finally suppose A, = X2 -... = X . If the a1 's are not all the same, then y occurs in nxzx ,X) = nx(zx As as a sum of cross-terms, so the 2-order of its coefficient is strictly larger than the 2-order of C /«'.
s
The only remaining case is the one in which a = a = ■ ■ ■ = a . Here it is necessary to examine the orders of the stabilizers more closely. The 2-order of I St(,u)| is much greater than ord2(r7, I St(ff')|J , from which the result follows. In this last section we list some examples of anomalies. These include some which can be constructed by the technique of Proposition 3.5, but there are many others and they do not occur in any obvious pattern.
First we consider anomalies of the form (p, (1)) ; here « = lf and n =1. We list all such anomalies for « < 24.
For / = 6 there are 6 anomalies (p, (2)), with p = (5421), (5321),
